Laplacian2Mesh: Laplacian-Based Mesh Understanding
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Abstract

Geometric deep learning has sparked a rising interest
in computer graphics to perform shape understanding
tasks, such as shape classification and semantic segmen-
tation. When the input is a polygonal surface, one has
to suffer from the irregular mesh structure. Motivated
by the geometric spectral theory, we introduce Lapla-
cian2Mesh, a novel and flexible convolutional neural
network (CNN) framework for coping with irregular tri-
angle meshes (vertices may have any valence). By map-
ping the input mesh surface to the multi-dimensional
Laplacian-Beltrami space, Laplacian2Mesh enables one
to perform shape analysis tasks directly using the ma-
ture CNNs, without the need to deal with the irregu-
lar connectivity of the mesh structure. We further de-
fine a mesh pooling operation such that the receptive
field of the network can be expanded while retaining
the original vertex set as well as the connections be-
tween them. Besides, we introduce a channel-wise self-
attention block to learn the individual importance of
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feature ingredients. Laplacian2Mesh not only decou-
ples the geometry from the irregular connectivity of the
mesh structure but also better captures the global fea-
tures that are central to shape classification and segmen-
tation. Extensive tests on various datasets demonstrate
the effectiveness and efficiency of Laplacian2Mesh, par-
ticularly in terms of the capability of being vulnerable
to noise to fulfill various learning tasks.

Keywords: Geometric Deep Learning, Mesh Under-
standing, Laplacian-Beltrami space, Laplacian Pooling.

1. Introduction

The rapidly emerging 3D geometric learning techniques
have achieved impressive performance in various applica-
tions, such as classification [61, 70], semantic segmenta-
tion [20, 63], and shape reconstruction [5, 40]. A large
number of deep neural networks have been designed to
deal with 3D shapes of various representations, includ-
ing voxels [30, 67], multi-view images [33, 061], point
clouds [49, 50], meshes [20, 31], etc. Among all the rep-



resentations, polygonal surfaces, as one of the most popular
shape representations, are flexible in characterizing an arbi-
trarily complex 3D shape in an unambiguous manner. How-
ever, the irregular connections between vertices make de-
signing learning-based methods extremely difficult. To be
more specific, the challenges include the following aspects:
First, polygonal surfaces that represent the same shape may
have varying numbers of vertices and faces. Second, the
valence of a vertex is not fixed, making it hard to define a
regular structure as the receptive field for the conventional
convolution operator. Finally, even if the number of ver-
tices is given, various triangulation forms may exist while
the difference in representation accuracy is neglectable.

In the research community, there have been many at-
tempts for developing mesh-specific convolution and pool-
ing/unpooling operations. For example, GeodesicCNN [43]
and CurvaNet [23] are proposed to define convolution ker-
nels on the parameterization plane for each local surface
patch. MeshCNN [20] and PD-MeshNet [45] take a mesh
as a graph with regard to the vertex set. They intro-
duce edge-contraction-based pooling/unpooling operations
to deal with the mesh-based deep learning tasks. Very re-
cently, SubdivNet [25] suggests a convolutional operation
by referring to the coarse-to-fine Loop subdivision algo-
rithm. All the above-mentioned approaches have to invent
an artificial convolutional scheme and explicitly come into
contact with the irregular triangulation, imposing harsh re-
quirements on the input mesh and suffering from various
mesh imperfections.

In this paper, we propose Laplacian2Mesh, inheriting
the spirit of those spectral approaches, to make it possible
to conduct learning tasks in the spectral domain when the
input is a polygonal mesh. Note that the main technique
of spectral approaches is to encode the overall shape by a
subset of the eigenvectors decomposed from the Laplacian
matrix of the input mesh. Two reasons account for why
we advocate using the new representation in deep learning.
First, as the low-frequency signals, given by those eigenvec-
tors with small eigenvalues, encode the overall shape, they
are more semantically important than high-frequency sig-
nals for most understanding tasks. It is easy for one to sep-
arate low-frequency signals from high-frequency signals in
spectral approaches by setting a simple parameter k. Sec-
ond, the Laplacian-based spectral transform can decouple
shape variations from the tedious triangulation, avoiding
tangling with tedious and irregular triangulations. Even if
the input mesh contains a limited number of defects (e.g.,
non-manifold), the representation still works.

Some researchers have turned their attention to this
promising research area. For example, the recent Diffu-
sionNet [57] took the vertex positions and the spatial gradi-
ents as the original signal and then projected them w.r.t. the
Laplacian-based spectral basis. It is pointed out in this work

that directly learning the frequency signals suffers from the
different eigenvectors decomposed from different shapes.
They merely use the spectral transform to facilitate the spec-
tral acceleration and project the spectral features back to
the spatial domain, yielding the vertex-wise features,which
means that it is not a spectral learning method but just a
numerical scheme to compute diffusion.

Therefore, there is still a long way to go to develop
a deep network for the spectral signals of the polygonal
meshes. The first difficulty lies in that different shapes have
different eigenvectors [21, 57], resulting in a learned spec-
tral convolution filter on one shape that cannot generalize to
a different shape. The second difficulty is how to bring this
kind of network to its full potential, i.e., learning the useful
features for understanding a shape. Potentially helpful net-
work architecture is the famous U-Net [53] with the encoder
part and the decoder part, where the encoder consists of the
convolutional layers followed by pooling operation, and the
decoder, also consisting of multiple connected layers, uses
transposed convolution to permit localization.

Our Laplacian2Mesh is designed to deal with the above-
mentioned two difficulties by transforming the features of
the polygonal meshes into eigenspace [36]. On the one
hand, we select three groups of eigenvectors to construct the
multi-resolution bases. We use the Squeeze-and-Excitation
ResNet (SE-ResNet) [24] as the basic unit to define the fea-
ture extractor, as well as the carefully designed Laplacian
pooling/unpooling operations to fuse the resulting features
with different dimensions. Additionally, we consider the
shape descriptors (vertex normals, dihedral angles of ver-
tices, Gaussian curvature, Laplacian eigenvectors, heat ker-
nel signature (HKS) [62]) and the pose descriptor (vertex
coordinates) at the same time to feed the network so that
useful shape information can be fully utilized.

We conduct comprehensive ablation/comparison experi-
ments to validate the effectiveness of our approach. Tests on
various shape understanding tasks, including shape classifi-
cation and semantic segmentation, show that our algorithm
outperforms the state-of-the-art on average. The biggest ad-
vantage of our approach lies in the robustness to noise. Be-
sides, our approach can tolerate a limited number of mesh
defects.

2. Related work

In this section, we first briefly introduce the related
works on the 3D geometric learning [8] with various shape
representations. We refer the readers to [9, 71] for a more
comprehensive survey. After that, we review the learning-
based mesh understanding methods, which are highly rele-
vant to the theme of this paper. Finally, we talk about the
spectral-based technique and its applications.
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Figure 1. The spectral surface reconstruction when selecting different numbers of Laplacian eigenvectors as the spectral basis. From left
to the right, the fewer smallest eigenvectors used, the less high-frequency features preserved in the reconstruction. Therefore, by selecting
the proper basis, the spectral transforms not only encode the irregular mesh structure into fix-sized signals but also are resistant to the

high-frequency noise for the mesh understanding tasks.

2.1. 3D Geometric Deep Learning

The design of geometric deep learning networks relies
heavily on the shape representations. Wu et al. [70] pro-
posed a 3D convolutional network based on the voxel rep-
resentation for the shape classification and retrieval tasks.
Due to their regular data structure, 3D voxels are easily
processed by different 3D convolutional networks, making
the voxel representation frequently utilized in the applica-
tions such as shape reconstruction [5], semantic segmen-
tation [63], and alignment [19]. Its usage is greatly lim-
ited by the cubically increasing complexity in the memory
and computation cost. To deal with this issue, the octree-
based volumetric representation [52, 66] is more compact
and has received more attention recently. Through param-
eterization, a surface can be encoded by an image-like data
structure, e.g. the geometry images [59] and the toric cov-
ers [18, 42]. Another way is to render the 3D shapes as
multi-view images, so that 2D CNN can be directly used
for the understanding tasks [33, 61]. However, it may fail
for a complicated shape with a highly curved surface.

Point cloud is also a popular representation in 3D ge-
ometric learning. For example, PointNet [49] and Point-
Net++ [50] use the KNN search to build the spatial corre-
lations between points for feature extraction. Some follow-
ing works, such as PointCNN [37] and KPConv [64], fur-
ther improve feature learning from point cloud. Recently,
PCT [17] applies the attention-based transformer to deal
with point cloud, achieving state-of-the-art performance.
However, for a point cloud, the direct exploitation of the
geometry is challenging due to inherent obstacles such as
noise, occlusions, sparsity or variance in the density. On the
other hand, polygonal surfaces typically offer more detailed
geometry and topology descriptions, hopefully improving
the understanding of behavior.

2.2. Learning-based Mesh Understanding Methods

The mesh representation is often considered as a graph
structure. MeshWalker [31] explores the mesh geometry
and topology via random walks. The Recurrent Neural
Network (RNN) is used to learn the deep features along

each walk. Some other methods construct the local re-
lationship between the vertices by considering the K-ring
neighborhood. Masci et al. [43] proposed to flatten each
of the patches with small curvature to the 2D plane, and
apply the geodesic convolutional neural network on the
non-Euclidean manifolds. He et al. [23] defined a direc-
tional curvature along with rotation in the tangent plane
to obtain neighbor information with a consistent structure.
These methods focus on defining the localized convolution
kernels. Some similar strategies include local spectral fil-
ters [4] and local geometric descriptors (e.g. B-splines [15],
wavelets [55] and extrinsic Euclidean convolution [56]) to
align a local patch with the convolution kernel.

Some recent works leverage the classical mesh process-
ing techniques to define the key modules of a geometric
deep learning network, such as the convolutional operation
and the pooling operation. For example, MeshCNN [20]
defines the receptive field for the convolutional operation,
based on the observation that each edge is correlated with
two neighbor triangular faces. Furthermore, MeshCNN
defines the unique pooling operation based on the edge-
collapse algorithm. The PD-MeshNet [45] constructs the
primal graph and the dual graph to capture the adjacency
information encoded in the triangle mesh. The pooling
operation of PD-MeshNet is implemented based on mesh
simplification. Benefiting from the up-sampling process of
the Loop subdivision algorithm, SubdivNet [25] proposes a
mesh convolution operator that allows one to aggregate lo-
cal features from nearby faces. But it requires the input to
hold the subdivision connectivity. All the aforementioned
methods focus on the spatial structure and have to handle
the irregular connections.

A very recent work DiffusionNet [57] uses the spectral
acceleration technique to diffuse the vertex features, show-
ing a great potential of the spectral analysis in mesh-based
learning tasks. We propose to extend the backbone from the
spatial to the spectral domain, and further improve the per-
formance of shape understanding, particularly in the pres-
ence of noise.



2.3. Spectral Surface Representation

As pointed out in [9], spectral surface representation is
important in encoding the shape information with varying
frequencies, regardless of the connection structure. In the
discrete setting, one can take the eigenvectors of the Lapla-
cian matrix as the basis for the spectral transform. As shown
in Figure 1, the low-frequency signals, given by the eigen- Figure 2. We compute a set of extrinsic and intrinsic geometric
vectors with the: smallest eigenvalues, can capture the features on the mesh surface and convert them into spectral signals
essential shape information, as long:ais large enough.  @s the input of our network.
Therefore, by selecting the proper number of eigenvectors,
the spectral projection can be seen as a low-pass lter to .

. o : 3.1. Laplacian spectral transform

the mesh feature signals, naturally resisting noise and sam-
pling bias. The spectral analysis plays a central role in  Given a triangle mesh with vertices, the Laplacian ma-

many geometry processing and shape analysis tasks, suctnix [44, 54] can be written as:

as shape segmentation [28], symmetry detection [47], shape

correspondence [46], shape recognition [7], and shape re- L=M 'C- (1)
trieval [6].

whereM 2 R™ = is the diagonal matrix whos@th entry
Some existing research works [36, 27] show that it is along the diagonal is twice the in uence area of the vertex
possible to use the spectral analysis technique to de ne ag;, C is the sparse cotangent weighted matrix as in Eq. (2):
compact representation of a polygonal surface. Heat Ker-

nel Signature (HKS) [62] inspires us in that the local-to- %,1 cotUgg, cOtVg§— & 9-F2 ARP

global shape variations can be encoded through heat diffu- Cgo= _ EonigeiCOtUgg, COtVg§— & 9

sion. Please refer to [69, 36] for a more detailed survey. §0_ ° ’ 58 AR
There are already some works using spectral signals in ' (2

deep learning. The spectral-based graph networks, e.g.WhereA'Es is the set of all the 1-ring adjacent vertices of
SpectralCNN[12] and ChebNet [11], convert the graph Es andUsgandVgeare the two angles opposite to edgEs.
structure into the spectral domain and perform the multi- Please refer to our Appendices for more details.

plication on the spectral signals. LaplacianNet [51] uses The Laplacian matrix completely encodes the intrinsic
the graph Laplacian-based spectral clustering for over-geometry. The eigendecomposition of the Laplacian matrix
segmentation, followed by performing a max-pooling oper- L enables the transformation between the spatial and the
ation on each class to obtain local information. Laplacian- spectral domain. Speci cally, after performing the eigen-
Net includes the Correlation Net as a component to learn adecomposition, we can sort and select the k eigenvectors

correlation matrix to fuse features across clusters. Butits : = »¢51—*¢+5 1¥corresponding to the smallest
worth noting that LaplacianNet still focuses on the spatial €igenvalues. It's worth noting that the smallest eigenvalue
relation among the local patches. is 0. . can be understood as a low-frequency Iter. Sup-

pose that we de ne a scalar eld on the surface. It can
be decomposed into a combination of the eigenvalues. If
we keep only the part spanned by, we obtain the recon-
3. Methodology structed counterpart ds.
Figure 1 shows the Laplacian spectral reconstruction
We compute a collection of intrinsic and extrinsic mesh With different numbers of eigenvectors as the basis. The

features, and transform them into the spectral domain tomesh vertex se¥ is rst projected to9 in the spectral do-
feed the network. Then the network utilizes the U-Net ar- Main, and then reconstructedtgollowing Eq. (3):
chitecture to handle various mesh understanding tasks. Ad-
diti i . . = )vy-

itionally, we develop a channel-wise attention mechanism . 3)
employing the small-sized Squeeze-and-Excitation blocks b= .1 )vo.
(SE-block) [24], before fusing features of various resolu- '
tions using Laplacian pooling/unpooling. The whole net- Figure 1 also illustrates that the spectral transform can serve
work is connected by different head blocks. Finally, differ- as a low-pass lter of the mesh feature signal. Therefore, it
ent loss functions are proposed to cope with mesh classi - prevents the mesh processing from being affected by the
cation and segmentation tasks, respectively. high-frequency noise.



Figure 3. Our network pipeline for coping with the mesh classi cation and segmentation tasks. Given a 3D mesh as the input, we
precompute the extrinsic and intrinsic geometric features and project them into the spectral domain w.r.t. three different resolutions.
Inspired by the U-Net architecture, we propose to use the SE-ResNet blocks with small-sized convolution kernels to fuse the nearby-
frequency features, and the Laplacian pooling/unpooling to fuse the spectral features of different resolutions. For the segmentation task,
we re-scale (with the yellow block) and concatenate the features together to be processed by the segmentation block.

characterize the shape from different perspectives, and their
combination can describe the shape [20, 25, 51, 57].
Our input featureG 2 R~ 29 in the spatial domain is
composed of the per-vertex features, each of which is a
concatenation of a 30-dimensional intrinsic shape descrip-
tor and a 9-dimensional extrinsic shape descriptor (see Fig-
ure 2). The intrinsic shape descriptor is formed by the 1-
dimensional Gaussian curvature, the 9-dimensional HKS
(Heat Kernel Signature) [62], and low-frequency eigenvec-
Figure 4. The vertex-wise feature based on the dihedral anglestors of the cotangent weight matrix corresponding to the
which are originally de ned on the shared edges between faces.20 lowest frequencies excluding 0. The extrinsic shape de-
We use the vertex-face adjacency matrix to average the three dihescriptor includes the 3-dimensional vertex coordinates, the
dral angles of the one-ring faces to form the vertex-wise dihedral 3-dimensional vertex normal, and the 3-dimensional dihe-
angle. dral angles for each vertex (we will explain it later). Fi-
nally, the input feature vectds, upon being mapped to the

. . Laplacian spectral domain, becomes:
We take . as the basis to perform the Laplacian spec- P P

tral transform. To simplify the computation, the eigenvector e= )G (4)
matrix  is obtained by performing the eigendecomposi- '
tion on the cotangent weight matrix instead of the discrete 14 this end, an arbitrary polygonal surface is transformed
Laplace-BeItrfami matrix it§elf. Please refer to Appendices g a: 39matrix &, regardless of the geometry, topology,
for more detailed explanation. connection structure, and mesh complexity.
It is worth noting that the dihedral angles are originally
de ned as the angle between two adjacent faces sharing a
In geometric deep learning, a commonly used way is common edge. We extend the concept to a per-vertex fea-
to extract various geometric features to de ne a synthe- ture by distributing the dihedral angle of a mesh edge to the
sized shape descriptor. The intrinsic and extrinsic featuresendpoints and the opposite vertices. Recall that the face

3.2. Input Features



