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Abstract

We propose a new method for computing smooth and
integrable cross fields on 2D and 3D surfaces. We first
compute smooth cross fields by minimizing the Dirich-
let energy. Unlike the existing optimization based ap-
proaches, our method determines the singularity config-
uration, i.e., the number of singularities, their locations
and indices, via iteratively adjusting singularities. The
singularities can move, merge and split, as like charges
repel and unlike charges attract. Once all singularities
stop moving, we obtain a cross field with (locally) low-
est Dirichlet energy. In simply connected domains, such
a cross field is guaranteed to be integrable. However,
this property does not hold in multiply connected do-
mains. To make a smooth cross field integrable, we con-
struct a vector field c, which characterizes how far the
cross field is away from a curl-free field. Then we opti-
mize the locations of singularities by moving them along
the field lines of c. Our method is fundamentally dif-
ferent from the existing integer programming-based ap-
proaches, since it does not require any special numeri-
cal solver. It is fully automatic and also has a parame-
ter to control the number of singularities. Our method
is well suited for smooth models in which exact bound-
ary alignment and sparse hard directional constraints
are desired, and can guide seamless conformal parame-
terization and T-junction-free quadrangulation. We will
make the source code publicly available.
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1. Introduction

A cross field, also known as 4-RoSy field [22, 25], is
a directional field that exhibits rotational symmetry and is
invariant under rotations of π

2 radians. Originally intro-
duced by Hertzmann and Zorin as a computational tool for

nonphotorealistic cross-hatching rendering [14], cross fields
have gained significant prominence in the construction of
high-quality quadrilateral meshes [3, 15]. These meshes
are highly desired in various engineering fields, including
simulation [19] and finite element analysis [33].

Constrained by the topology of the surface on which
it is defined, a cross field cannot possess an arbitrary ar-
rangement of singularities. If the singularities of the cross
field are predetermined, including their number, placement,
and indices, smooth cross fields can be generated directly
by solving a sparse linear system [9]. The computation
of smooth cross fields with unknown singularities is com-
monly formulated as an optimization problem, and numer-
ous methods exist for solving it [3, 17, 2, 18, 12].

Cross fields are commonly utilized as a guidance in the
computation of global conformal parameterization, from
which quadrilateral meshes can be extracted. A cross field
is integrable if it aligns well with the gradient of some scalar
field on the surface. When the computed cross fields are in-
tegrable, the parameterization can be obtained directly by
tracing the integral curves of the cross fields. However,
for non-integrable cross fields, it is necessary to compute
a pair of parameters (u, v) by minimizing the difference be-
tween the gradients of the parameters and the directions of
the cross fields. In cases where the integrability of the cross
fields is poor, the resulting parameterization may be mis-
aligned with the desired cross field and can even exhibit in-
versions [11].

It is well known that in simply connected domains, a
smooth cross field, which is the one the minimal Dirich-
let energy, is guaranteed to be integrable [6]. Unfortu-
nately, this desirable property does not extend to multiply
connected domains, where the non-trivial topology imposes
significant constrains on the solution space for achieving
both smoothness and integrability in cross fields.

Existing research efforts in the field have primarily con-
centrated on computing smooth cross fields with optimal
singularities, with relatively less attention given to the is-
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sue of integrability. Only a few attempts have been made
to explicitly address the integrability problem by relaxing
either the orthogonality [11, 26] or the equal length con-
straints [24] of the cross fields, thereby expanding the solu-
tion space. To the best of our knowledge, there is currently
no research that addresses both the smoothness and integra-
bility of cross fields on surfaces with arbitrary topology.

This paper aims at investigating the relationship between
the smoothness and integrability of cross fields defined on
smooth surfaces of arbitrary topology. Let Ω be a smooth
surface and θ a cross field with the lowest Dirichlet en-
ergy defined on Ω. By utilizing the singularities of θ and
the boundary (if present) of Ω as boundary conditions, we
compute a conformal factor φ : Ω ! R by solving a Pois-
son’s equation. Subsequently, we define a vector field c,
referred to as the discrepancy field, for all regular points,
which quantifies the difference between the gradient of the
conformal factor rφ and the rotation vector of cross field
θ.

In simply connected domains where θ is free of direc-
tional constraints, the discrepancy is always a zero vector.
In multiply connected domains, c is globally divergence
free and locally curl free. We then prove that a smooth cross
field θ is integrable if and only if the discrepancy field van-
ishes everywhere except at the singularities.

The established necessary and sufficient condition in the
continuous setting serves a foundation for a novel algorithm
for computing cross fields on triangle meshes with non-
trivial topology. Our method is fully automatic and sup-
ports boundary alignment and sparse hard directional con-
straints. It also allows the user to balance the number of
singularities and the Dirichlet energy by tuning the disk
size r0, which in turns controls the area distortion of the
induced global conformal parameterization. Through ex-
tensive evaluations, we show that the algorithm enables the
generation of high-quality global conformal parameteriza-
tions that are well aligned with the cross fields. See Figure 1
for an example of our method.

2. Related Works

For the sake of brevity, we restrict our survey to the most
relevant works on cross fields, non-orthogonal fields and
cone optimization in surface parameterization. We refer the
readers to [31] for a comprehensive survey of orthogonal
and non-orthogonal directional fields.

Cross fields were first introduced by Hertzmann and
Zorin as a computational tool for nonphotorealistic cross-
hatching rendering [14]. They were then generalized
to N -rotational symmetric directional field (N -RoSy) in
[22][25]. After that, smooth cross and N -RoSy fields have
been extensively studied [31]. If singularities are given
(i.e., their number, placement and indices are fixed), smooth
cross fields can be created efficiently by solving a sparse

linear system [9]. The design of cross fields with unknown
singularities (number, placement and indices) are often for-
mulated as a non-linear optimization problem with or with-
out integer variables [3, 2, 18, 12, 4, 34].

Cross fields are inherently isometric, meaning that they
do not encode scale information. Frame fields, representing
a more generalized form of cross fields, are characterized by
their non-orthogonality and non-unit-lengths. This unique
aspect of frame fields make them suitable for anisotropic
quadrangulation with varying element size [23]. Viewing
frame fields as cross fields in a specific Riemannian met-
ric, Jiang et al. [16] first computed a discrete metric on the
input surface that is compatible with input constraints and
then optimized the cross field in this customized metric to
obtain final frame field. Furthermore, 2D singularity-free
frame fields have found applications in line drawing vector-
ization [13].

PolyVectors are sets of vectors that are unordered and
represented as the roots of a complex polynomial. A smooth
PolyVector field can be computed by solving a sparse lin-
ear system without integer variables [10]. By eliminating
discrete curls, one can obtain integrable PolyVector fields.
These integrable fields are particularly useful for computing
global parameterization that adheres to specific alignment
constraints [11]. Sageman-Furnas et al. [27] formulated
the global parameterization problem in terms of commut-
ing PolyVector fields, and designed an efficient optimiza-
tion method to solve it. Based on the modification of holo-
nomic signature loops, Shen et al. [28] developed a method
aimed at generating parameterizations that are locally injec-
tive and globally holonomic.

Cone singularities play a critical role in controlling the
area distortion of surface parameterization. Various heuris-
tics and optimization frameworks are proposed to automat-
ically determine the singularity configuration[1, 30, 20, 21,
5, 8, 29]. Campen et al. [7] showed that for arbitrary given
sets of topologically admissible parametric cones with pre-
scribed curvature, a global seamless parametrization always
exists.

Our paper has close contact to the seminal paper of
Bunin [6], who developed an elegant algorithm for com-
puting conformal parameterization of simply connected do-
mains. His method computes conformal factor φ by solving
Poisson’s equation with user-provided singularities. The
gradient of φ induces an integrable cross field, which yields
a conformal parameterization. Manual singularity selection
heavily relies on human geometric intuition and trial and er-
ror. We extend Bunin’s original idea to surfaces of arbitrary
topology by tackling the challenge of integrability. Our
method can automatically determine the singularity config-
uration and also allows the user to control the number of
singularities by tuning a parameter with intuitive meaning.




